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In this paper, we first discuss some properties of permutation polynomials over
finite fields. In particular, a class of permutation binomials are introduced and a
series of set complete mappings is constructed. Based on that, we present a new
construction for Tuscan-l arrays with various sizes. © 2002 Elsevier Science
1. INTRODUCTION
An m×n array is called a Tuscan-k array, if each row is a permutation of
the symbols 1, 2, ..., n; furthermore for any two symbols a and b, and for
each t from 1 to k , there is at most one row in which b is the tth symbol to
the right of a. In particular, it is called a Tuscan-k square if m=n.
An n×n Tuscan square is the same as a Tuscan-1 square and a Tuscan-
(n−1) square is the same as a Florentine square. If it is also Latin, we may
call it a Vatican square. We call an n×n square a Latin square if its rows
and columns are all permutations of the n symbols 1, 2, ..., n.
By definition, an m×n circular Tuscan-k array is an m×n array A in
which each of the symbols 1, 2, ..., n appears in each row, and in which the
Tuscan-k property holds when the rows are taken to be circular. In matrix
notation the rows are indexed 1 to m while the columns are indexed 1 to n
(mod n). For each l from 1 to k, (A(i, j), A(i, j+l)) ] (A(r, t), A(r, t+l))
unless i=r and j=t.
Tuscan-k arrays or circular Tuscan-k arrays have been extensively studied
in [3, 4, 6, 10–14].
In this paper, we present a new point of view for circular Tuscan-k
arrays, and a new construction based on permutation binomials is given. In
the second section, some basic properties of permutation polynomials are
discussed; also the concept of set complete mappings is introduced, and
several special set complete mappings are constructed. Using these set
complete mappings, we introduce a new construction for circular Tuscan-k
arrays in the third section and various sizes of (circular) Tuscan-k arrays
are obtained. In the last section, we present some further observations and
discussions.
2. PERMUTATION BINOMIALS AND SET COMPLETE MAPPINGS
Let p be a prime, and GF(q) be the finite field with q=pr elements. A
polynomial f over GF(q) is called a permutation polynomial if the mapping
GF(q)Q GF(q) defined by f is one-to-one. It is well known that any
mapping GF(q)Q GF(q) is given by a unique polynomial of degree less
than q. If g is an arbitrary mapping from GF(q) to GF(q), then
p(x)= C
c ¥ GF(q)
g(c)(1−(x−c)q−1)
is the unique polynomial of degree no more than q−1 such that p(c)=g(c)
for all c ¥ GF(q).
Now we will list some special types of permutation polynomials which
are used in this paper. Mainly we use some special classes of permutation
binomials.
Theorem 1 [7]. (1) Every linear polynomial over GF(q) is a permuta-
tion polynomial of GF(q).
(2) The monomial xn is a permutation polynomial of GF(q) iff
gcd(n, q−1)=1.
Theorem 2 [9]. Let f(x)=xk−ax j ¥ GF(q)[x], with k > j \ 1, 0 ] a,
e=gcd(k, j). Then f permutes GF(q) iff xk/e−ax j/e permutes GF(q) and
gcd(e, q−1)=1.
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Another class of permutation polynomials comes from so-called linear-
ized polynomials. A polynomial of the form L(x)=;ni=0 aixp
i
¥ GF(p r)[x]
has this property that L(a+b)=L(a)+L(b) for any a, b ¥ GF(p r).
Theorem 3 [7]. Let GF(q) be of characteristic p. Then
L(x)=C
n
i=0
aixp
i
¥ GF(q)[x]
is a permutation polynomial of GF(q) iff L(x) has only the root 0 in GF(q).
Let GFa(q) be the multiplicative group of GF(q), and GFk(q)=
{ak | a ¥ GFa(q)}. It is easy to see that GFk(q) is a subgroup of GFa(q). It
is well known that GFa(q) is a cyclic group of order q−1. Let a be a
primitive element of GFa(q), or a generator of GFa(q). Then we know that
GFk(q) is the cyclic group generated by ak, and |GFk(q)|=q−1d , where
d=gcd(k, q−1).
Let S be a subset of GF(q). A polynomial f(x) ¥ GF(q)[x] is called a set
complete mapping associated with the set S of GF(q) if f(x)+ax is a per-
mutation polynomial of GF(q) for all a ¥ S. For a more detailed discussion
of set complete mappings, refer to [1].
Theorem 4. Let GF(q) be the finite field with q=pr. Let 0 < s < r be an
integer, and d=gcd(p s−1, p r−1)=pgcd(s, r)−1. Then f(x)=xp
s
is a set
complete mapping for −S with S=GF(q)−GFd(q). The size of the set S is
1+d−1d (q−1).
Proof. We need to show -a ¥ S, f(x)−ax=xps−ax is a permutation
polynomial of GF(q). As xp
s
−ax=x(xp
s−1−a), and if 0 ] a ¨ GFd(q),
then xp
s
−ax has only the root 0. Also if a=0, then xp
s
is a permutation
polynomial from the fact that gcd(p s, p r−1)=1. So the conclusion follows
from Theorem 3. L
3. CONSTRUCTIONS FOR CIRCULAR TUSCAN-k ARRAYS
In this section, we give the main construction for circular Tuscan-k
arrays. The idea of this construction is to view each row of the circular
Tuscan-k array as a permutation polynomial. If we start from a set of
permutation polynomials, we might investigate the conditions under which
these permutation polynomials are equivalent to a circular Tuscan-k array.
We call each row of an m×n (circular) Tuscan-k array a (circular)
Tuscan-k row on n symbols. So, to construct an m×n (circular) Tuscan-k
array is equivalent to finding m (circular) Tuscan-k rows.
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First we prove the following theorem on a special class of permutation
binomials.
Theorem 5. Let fa(x)=xk−ax j and fb(x)=xk−bx j be two permuta-
tion polynomials in GF(q)[x], with 0 < j < k < q−1 and a ] b. Let a be a
primitive element of GF(q). Define
La=(fa(a0), fa(a1), ..., fa(aq−2))
Lb=(fb(a0), fb(a1), ..., fb(aq−2)).
Suppose gcd(k−j, q−1)=d and gcd(k, q−1)=1. Then La and Lb are two
circular Tuscan-l rows on q−1 elements (viewed as symbols) of GFa(q),
with l=q−1d −1.
Proof. Since fa(x) and fb(x) are two permutation polynomials with 0
as their unique root, La and Lb are both permutations of GFa(q). Suppose
they don’t give two circular Tuscan-l rows. Then there are two integers i1
and i2, and one integer s between 1 and l, such that the following two
equations hold:
aki1−aa ji1=aki2−ba ji2
aki1+ks−aa ji1+js=aki2+ks−ba ji2+js.
Then we have
aki1+ks−aki1+js=aki2+ks−aki2+js
aki1+js(a (k−j) s−1)=aki2+js(a (k−j) s−1)
aki1(a (k−j) s−1)=aki2(a (k−j) s−1).
Notice that the order of a (k−j) is equal to q−1d , and 1 [ s [ l=
q−1
d −1, so
a (k−j) s−1 ] 0. So we have
aki1=aki2.
As gcd(k, q−1)=1, ak is also a primitive element of GF(q). So we have
i1=i2 (mod q−1). Then aa ji1=ba ji2 and a=b. This contradicts the
assumption a ] b. Hence La and Lb are two circular Tuscan-l rows as
asserted. L
Now we can give the main construction as follows.
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Theorem 6. Let GF(q) be the finite field with q=pr. Let s with 0 <
s < r be an integer, and d=gcd(p s−1, p r−1)=pgcd(s, r)−1. Let S=GF(q)−
GFd(q). For any a ¥ S define fa(x)=xp
s
−ax, and define
La=(fa(a0), fa(a1), ..., fa(aq−2)).
Then {La | a ¥ S} is a set of 1+d−1d (q−1) circular Tuscan-l rows on q−1
elements of GFa(q), where l=q−1d −1.
Proof. By Theorem 4, we know -a ¥ S, fa(x) is a permutation poly-
nomial, and La is a permutation of the q−1 elements of GFa(q). As fa(x)
is a binomial with gcd(p s, p r−1)=1, the conditions in Theorem 5 are
satisfied and the conclusion follows from Theorem 5. L
Corollary 1. By adding one more row La=(a0, a1, ..., aq−2) to the
array obtained in the previous Corollary, we have a (2+d−2d−1 (q−1))×(q−1)
circular Tuscan-l array with l=q−1d−1−1.
Proof. We need to show that -a ¥ S, -t, 1 [ t [ l, -i,
fa(a i+t)
fa(a i)
] a t.
Suppose the contrary. Then we have
ap
si+pst−aa i+t
ap
si−aa i
=a t
ap
si+pst=ap
si+t
a (p
s−1) t=1.
By the definition of t, this is a contradiction. L
Corollary 2. There exists a (2+d−1d (q−1))×(q−2) Tuscan-l array
with l=q−1d−1−1.
Proof. From an m×n circular Tuscan-l array, we can always get an
m×(n−1) Tuscan-l array by cyclically shifting each of the rows, such that
the first column has the same symbol in every row, and then deleting the
first column. L
Corollary 3. There exists a (1+d−1d (q−1))×q Tuscan-l array with
l=q−1d−1−1.
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Proof. From the (1+d−1d (q−1))×(q−1) circular Tuscan-l array M
obtained in Theorem 6 , we may add the qth column consisting of ‘‘all a’’
toM. To show it is a Tuscan-l array (it is no longer circular), it is sufficient
to prove that any column ofM has no repeated elements.
Let a ] b and 1 [ t [ q−1. If fa(a t−1)=fb(a t−1), then we have
ap
s(t−1)−aa t−1=ap
s(t−1)−ba t−1
aa t−1=ba t−1.
Obviously a=b which contradicts the assumption a ] b. The conclusion
follows from the definition of Tuscan-l arrays. L
We may choose different values of r and s, and get different sizes of
Tuscan-l arrays with different values of l. Here we will choose r and s as
follows and get a series of Tuscan-l arrays.
Theorem 7. For any prime p, and integers r2 > r1 \ 1, there exists a
(2+((p r1−2)/(p r1−1))(p r1r2−1))×(p r1r2−1) circular Tuscan-l array with
l=(p r1r2−p r1)/(p r1−1).
Proof. Take q=pr1r2 and s=r1. L
Corollary 4. (1) For any prime p and integers r2 > r1 \ 1, there
exists a (2+((p r1−2)/(p r1−1))(p r1r2−1))×(p r1r2−2) Tuscan-l array with
l=(p r1r2−p r1)/(p r1−1).
(2) For any prime p, and integers r2 > r1 \ 1, there exists a (1+
((p r1−2)/(p r1−1))(p r1r2−1))×p r1r2 Tuscan-l array with l=(p r1r2−p r1)/
(p r1−1).
Remark 1. In the previous theorem, we consider r=r2r1 \ 2, as in the
case r=1, i.e., q=p. We have the Welch construction and its log format
construction, which will give a (p−1)×p Tuscan-(p−1) array, or circular
Florentine array. For a more detailed discussion, refer to [2–4].
4. FURTHER DISCUSSIONS AND OBSERVATIONS
In this section, we will first give one example, then we will show some
evidence that this method will not give us any circular Tuscan-l squares
except one trivial case.
Example. Let a be a primitive element in GF(9), and a2=−a+1. Take
f(x)=x3−ax, with a ¥ S={0, a, a3, a5, a7}. Also we add one more row as
in Corollary 2. So we have the following 6×8 circular Tuscan-3 array.
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0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
0 3 6 1 4 7 2 5 0 3 6 1 4 7 2 5
3 1 0 2 7 5 4 6 0 2 7 5 4 6 3 1
6 5 7 4 2 1 3 0 0 6 5 7 4 2 1 3
1 6 4 3 5 2 0 7 0 7 1 6 4 3 5 2
2 4 1 7 6 0 5 3 0 5 3 2 4 1 7 6 .
The right side array is the circular Tuscan-3 array after cyclically shifting
the rows of the left side array. We may get a 6×7 Tuscan-3 array by deleting
the first column of the right side array. And we may get a 5×9 Tuscan-3
array by deleting the first row and then adding the 9 th column consisting
of all a to the left side array.
One observation on the main construction in this paper is the relation-
ship between the number of rows and the value of l of the corresponding
Tuscan-l array.
Remark 2. In this paper, we construct a (2+((p r1−2)/(p r1−1))
(p r1r2−1))×(p r1r2−1) circular Tuscan-l array with l=(p r1r2−p r1)/
(p r1−1), for any prime p, and integers r2 > r1 \ 1. It is noticed that if we
fix the value of r1r2, then the bigger r1, the bigger the value of the number
of rows, and the smaller the value of l.
Remark 3. For simplicity, we mainly use f(x)=xp
s
−ax in GF(p r)[x]
with s and r well selected. Theorem 2 and Theorem 6 tell us that there are
other choices of permutation binomials and other sizes of Tuscan-l arrays
can be obtained.
A natural question to ask is whether the set complete mappings can give
some constructions for Tuscan-l squares. The following theorem answers
this question.
Theorem 8 [1]. If S … GF(q) with |S| [ q−2 and f(x) is a set complete
mapping associated with S, then f(x) reduced modulo xq−x has degree at
most q−1− |S|.
Remark 4. Theorem 8 tells us that if we like to construct a
(q−2)×(q−1) circular Tuscan-l array, or equivalently a (q−1)×(q−1)
Tuscan-l square from a set complete mapping, then the only choice is a
linear function. A set of linear functions, say {ax | a ¥ GFa(q)}, gives a
Vatican square iff q=p is an odd prime, and it is the same as the multipli-
cation table of GFa(p).
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